We calculate the fermion propagator and the quark-antiquark Green's functions for a complete set of ultralocal fermion bilinears, O Γ [Γ: scalar (S), pseudoscalar (P), vector (V), axial (A) and tensor (T)], using perturbation theory up to one-loop and to lowest order in the lattice spacing. We employ the staggered action for fermions and the Symanzik Improved action for gluons. From our calculations we determine the renormalization functions for the quark field and for all ultralocal taste-singlet bilinear operators. The novel aspect of our calculations is that the gluon links which appear both in the fermion action and in the definition of the bilinears have been improved by applying a stout smearing procedure up to two times, iteratively. Compared to most other improved formulations of staggered fermions, the above action, as well as the HISQ action, lead to smaller taste violating effects [1, 2, 3, 4] . The renormalization functions are presented in the RI ′ scheme; the dependence on all stout parameters, as well as on the coupling constant, the number of colors, the lattice spacing, the gauge fixing parameter and the renormalization scale, is shown explicitly. We apply our results to a nonperturbative study of the magnetic susceptibility of QCD at zero and finite temperature. In particular, we evaluate the "tensor coefficient", τ, which is relevant to the anomalous magnetic moment of the muon.
Introduction
Renormalization functions (RFs) are necessary ingredients in the prediction of physical probability amplitudes from lattice matrix elements of operators. They relate observables computed on finite lattices to their continuum counterparts in specific renormalization schemes. A set of operators which are of particular interest are fermion bilinears which are widely employed in numerical simulations of Quantum Chromodynamics on the Lattice.
The quark-antiquark Green's functions of "ultralocal" fermion bilinears O Γ [Γ: scalar (S), pseudoscalar (P), vector (V), axial (A) and tensor (T)], are calculated perturbatively to one-loop order. We use massive staggered fermions and in the gluon sector we employ the Symanzik Improved gauge action for different sets of values of the Symanzik coefficients. The gluon links which appear both in the fermion action and in the definition of the bilinears have been improved by applying a stout smearing procedure [5] up to two times, iteratively. We implement the RI ′ renormalization scheme, where the renormalization is determined by comparing the tree-level values of the quark-antiquark Green's functions of the operators with the corresponding values beyond tree-level. Some of the first perturbative results regarding staggered operators and improvements in the action can be found in Refs. [6, 7, 8] .
We apply our perturbative results to a study of the response of the QCD vacuum to an external magnetic field, at zero and finite temperature. Magnetic fields probe the QCD vacuum in several ways, by affecting its fundamental properties like chiral symmetry breaking and restoration, the phase diagram, as well as the vacuum polarization. Here we focus on quark condensates, relevant for various phenomenological applications.
The details of our work, along with a longer list of references, can be found in Refs. [9, 10] .
Perturbative Renormalization functions
RFs, for operators and action parameters, relate bare quantities, regularized on the lattice, to their renormalized continuum counterparts:
We present the RFs, in the RI ′ scheme, of the quark field (Z q ), the fermion mass (Z m ) and the taste-singlet quark bilinears: scalar, pseudoscalar, vector, axial, tensor (Z S ,
The one-loop one-particle irreducible (1PI) Feynman diagrams that enter the calculation of the quark-antiquark amputated Green's function (inverse propagator) S −1 1−loop , are illustrated in Fig. 1 . For the algebraic operations involved in evaluating Feynman diagrams, we make use of our symbolic package in Mathematica. A brief description of the procedure for the computation of a Feynman diagram can be found in Ref. [11] . The 1PI Feynman diagrams that enter in the calculation of the two-point Green's functions of the operators, are shown in Fig. 2 , and include up to two-gluon vertices extracted from the operator (the cross in the diagrams). The appearance of gluon lines attached to the operators stems from the fact that the definitions of these operators in the staggered formulation contain products of gauge links [6] .
We have computed the one-loop inverse fermion propagator, S −1 (p), for general values of: the gauge parameter α, the stout smearing parameters of the action (for the first and second stout iteration respectively) ω A 1 , ω A 2 , the Lagrangian mass m, the number of colors N c and the external momenta p 1 , p 2 .
The quantities e 1 , e 2 are numerical coefficients that depend on the stout smearing parameters. We have evaluated e 1 , e 2 for several choices of Symanzik Improved gluon actions ; in particular, for the Tree-Level Improved Symanzik gauge action we obtain:
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In all numerical results (here and below) the systematic error (coming from an extrapolation to infinite lattice size of our numerical loop-integrals) is smaller than the last digit we present. We denote the expression in square brackets, in the last line of Eq. (2.2), as Σ m (p 2 , m); from this we will extract the multiplicative renormalization of the Lagrangian mass, Z m . For bilinear operators O Γ , the RI ′ renormalization scheme consists in imposing that the renormalized forward amputated two-point Green's function, computed in the chiral limit and at a given (large Euclidean) scale p 2 = µ 2 , be equal to its tree-level value. The RFs are computed at arbitrary values of the M. Costa renormalization scale µ [10] . Thus, the RI ′ conditions for Z q , Z m , Z O Γ read: 
. The presence of Σ
V and Σ
A makes a prescription such as Eq. (2.7) inapplicable in those cases. Instead we apply renormalization conditions only on Σ 
We also note in passing that in the absence of stout smearing (
as is well known from current conservation. In addition, Eq. (2.13) shows that non-renormalization of O V applies also when ω A i = ω O i ; this follows from the fact that the stout link version of O V mimics the fermion action, and thus current conservation applies equally well in this case.
To obtain Z O Γ in the MS scheme, we apply conversion factors, C O Γ , which have been computed in dimensional regularization [12] . Z
These conversion factors do not depend on the regularization scheme. Furthermore, they refer to the Naive Dimensional Regularization (NDR) of the MS scheme, in which C P = C S and C A = C V . From Eq. (2.16) one obtains: 
Conclusion
We have determined the renormalization functions of taste-singlet bilinear fermion operators. The novelty in our perturbative calculations is the stout smearing of the links that we apply in both the fermion action and in the bilinear operators. More precisely, we use two steps of stout smearing with distinct parameters. To make our results as general as possible we also distinguish between the stout parameters appearing in the fermion action and in the bilinears.
In Ref. [9, 13] , we measure the magnetic susceptibilities χ f at zero temperature for the up, down and strange quarks in the MS scheme at a renormalization scale of 2 GeV. The magnetic susceptibilities at T = 0 are negative, indicating the spin-diamagnetic nature of the QCD vacuum. We also find that the polarization changes smoothly with temperature in the confinement phase and then drastically reduces around the transition region.
